. Tensor product of algebras on quadratic algebras.
Introduction
Let P be a quadratic operad with one generating operation (i.e. the algebras on this operad have only one operation) and P ! its dual operad. It satisfies P ! = hom(P, Lie) where Lie is the quadratic operad corresponding to Lie algebras. For any P-algebra A and P ! -algebra B, the vector space A ⊗ B is naturally provided with a Lie algebra product
where µ A (resp. µ B ) is the multiplication of A (resp. B). We deduce that the "natural" tensor product µ A⊗B = µ A ⊗ µ B provides A ⊗ B with a Lie-admissible algebra structure.
In [2] we have defined special classes of Lie-admissible algebras with relations of definition determined by an action of the subgroups G i of the 3-degree symmetric group Σ 3 . We obtain quadratic operads, denoted by G i −Ass and in this family we find operads of Lie-admissible, associative, Vinberg and pre-Lie algebras. For these operads we have proved that for every P-algebra A and P ! -algebra B the tensor product A ⊗ B is a P-algebra. This is not true for general nonassociative algebras and, in this sense, the G i -associative algebras are the most regular kind of nonassociative algebras. For example if P is the operad of Leibniz algebras or of the nonassociative algebras associated to Poisson algebras [?] , then the tensor product of a P-algebra and P ! -algebra is not a P-algebra. So we introduce a quadratic operad, denoted byP, such that the tensor product of a P-algebra with aP-algebra is a P-algebra. In case of P = Lie or G i -Ass thenP = P ! this explain the above remarks.
Nonassociative algebras and operads
We assume in this work that P is a quadratic operad with one generating operation. Then it is defined from the free operad Γ(E) generated by a Σ 2 -module E placed in arity 2, and an ideal (R) generated by a Σ 3 -invariant subspace R of Γ(E) (3) . Our hypothesis implies that the Σ 2 -module E is generated by one element (i.e. algebras over this operad are algebras with one operation). Recall that, if we consider an operation with no symmetry, the K-vector space Γ(E)(2) is 2-dimensional with basis {x 1 · x 2 , x 2 · x 1 } and Γ(E)(3) is the 12-dimensional K-vector space generated by
We have a natural action of Σ 3 on Γ(E)(3) given by:
We denote by O(X) the orbit of X associated with this action and by
If P is a quadratic operad with one generating operation, its module of relations R is an invariant subspace of Γ(E)(3). We will say that P is of rank k if and only if R is of rank k.
From the action of Σ 3 on Γ(E)(3) we define linear maps on this module as follows. Let K[Σ 3 ] be the group algebra of Σ 3 that is the vector space of all finite linear combinations of elements of Σ 3 with coefficients in K hence of all elements of the form v = a 1 σ 1 + a 2 σ 2 + ...
Then an invariant subspace F of Γ(E)(3) is stable for every Ψ v .
Let (A, µ) be a P-algebra. This means that (A, µ) is a nonassociative algebra (by nonassociative algebra we mean algebras with non necessarily associative multiplication). We consider the maps
The multiplication µ satisfies relations of the following type
where
. Such a relation defines the module R of relations of P. In fact R is the Σ 3 -submodule of Γ(E)(3) is generated by the vectors
Let us note that if P is of rank 1, a P-algebra is given by one multiplication satisfying only one relation of type (2).
Proposition 2 Let P be a quadratic operad with one generating operation such that the Σ 3 -submodule R of relations is generated by vectors of the following type :
for l = 1, ..., k and σ i ∈ Σ 3 . Then P is of rank 1.
Proof. In fact, the Σ 3 -invariant subspace of Γ(E)(3) generated by
. This isomorphism is given by:
We have seen in [3] that for every
is the orbit of v corresponding to the natural action of Σ 3 on K[Σ 3 ]. We deduce that the rank is 1.
In the following examples we will recall the definition of the operads G i -Ass and define some quadratic operads of rank one associated to some classes of nonassociative algebras.
Examples.
The operads G i −Ass
For i, j, k ∈ {1, 2, 3} and i = j = k = i we denote by τ ij the transposition (i, j) and c 1 , c 2 the cycles (1, 2, 3) and (1, 3, 2) . The subgroups of Σ 3 are
where < g > denotes the subgroup generated by g. Each one of these subgroups G i defines an invariant submodule R i of Γ(E)(3) of rank 1. In fact consider the vector (3) and if G i is a subgroup of Σ 3 , we define the vector X i of Γ(E)(3) by
where ǫ(σ) is the sign of the permutation σ. Let R i be the subspace
Some of these operads are wellknown:
Let us note that the G 6 -Ass-algebras are the Lie-admissible algebras that is if µ is the product of such an algebra then
is a product of Lie algebra. As G i is a subgroup of G 6 = Σ 3 any G i -Ass-algebra is Lieadmissible. For a general study of the operad G 6 -Ass = LieAdm and G 2 -Ass = Vinb see [2] .
Let (G i -Ass) ! be the quadratic dual operad of G i -Ass. We denote by (
It is the orthogonal of R i with respect to the inner product on Γ(E)(3) given by
where ǫ(σ) is the sign of the permutation σ. Then we have
Proof. The case i = 1 is trivial (it is also a consequence of Proposition 2). For i = 2, 3, 4 and 5, the rank of (R i ) ! is 2. We denote by v
For i = 6, the space (R 6 ) ! is generated by the vectors
But we can write
and
The Σ 3 -invariant subspace of K[Σ 3 ] generated by the vectors Id − τ 12 and Id − τ 23 is of dimension 5, and from the classification [3] , this space corresponds to
and we deduce that this operad is of rank 2.
The 3-power associative algebras
We have seen that every (G i -Ass)-algebra is Lie-admissible. Moreover the operad LieAdm is quadratic, of rank 1. The submodule R 6 is of dimension 1 and corresponds to the one-
, where V is given by
If we consider the natural action of Σ 3 on K[Σ 3 ], then there exists only two irreducible invariant one dimensional subspaces of K[Σ 3 ] that is F V and F W where
If the set of Lie-admissible is associated to F V , the set of algebras corresponding to F W is the set of 3-power associative algebras (see [3] ) that is which satisfies x 2 · x = x · x 2 for every x. As in the Lie-admissible case we can define classes of 3-power associative algebras corresponding to the action of the subgroups of Σ 3 . We are conduced to consider the following submodules of Γ(E)(3):
We denote by (G i −p 3 Ass) the corresponding quadratic operads. The corresponding dual operads are discribed by the following ideals of relations:
The proof is analogous to the Lie-admissible case. Let us note that these operads are also of rank 2 except for i = 1.
The K [Σ 3 ]-associative algebras
This example of nonassociative algebras generalizes the previous, considering not only the one dimensional invariant subspace of K [Σ 3 ] but all the invariant subspaces. Recall that, for every v ∈ K [Σ 3 ], we have denoted by O(v) the corresponding orbit and by
, by Mashke's theorem, it is a direct sum of irreducible invariant subspaces. Moreover, given an invariant subspace 
Examples.
1. If v = Id − τ 23 , the relation
The corresponding algebra is a pre-Lie algebra. 3. For i = 1, ..., 6 we denote by V i and W i the vectors of K[Σ 3 ] given by
They are particular cases of K[Σ 3 ]-associative algebras. We shall return, in the last section, on the determination of the corresponding operads.
3 The operadP associated to a quadratic operad P In the previous sections we saw that for some quadratic operads, the dual operad gives a way to construct on the tensor product A ⊗ B of a P-algebra A and a P ! -algebra B a structure of P-algebra for the usual tensor product µ A⊗B = µ A ⊗ µ B . But this is not true for every quadratic operad. In this section we define from a given quadratic operad P an associated quadratic operad, denoted byP, whose fondamental property is to satisfy the above property on the tensor product.
Let (A, µ) be a P-algebra where P is a quadratic operad. Let R be the submodule of Γ(E)(3) defining the relations of A. We denote by A L (µ) = µ • (µ ⊗ Id) and A R (µ) = µ • (Id ⊗ µ). If we suppose that R is of rank k, then the multiplication µ satisfies k relations of type
] for any i ∈ I = {1, .., k} and the vectors (v i ) i∈I are linearly independent as well as the vectors (w i ) i∈I .
Examples. Let P be a quadratic operad generated by
The associative algebras correspond to
. Let R be the module of relations of P. If it is of rank k, it is written
If dimẼ = 2, we denoteR the K[Σ 3 ]-module generated by the vectors (2),R is generated also by these vectors, but modulo the relations of commutation.
Definition 6
The operadP associated to the quadratic operad P is the quadratic operad generated byẼ and with K[Σ 3 ]-submodule of relationsR.
We have the main result :
Theorem 7 Let A be a P-algebra and B aP-algebra. Then the algebra A ⊗ B with product µ A⊗B is a P-algebra.
Now we consider the product µ A⊗B . We have
where j is choosen in {1, · · · 6} such that a
4 Some examples
Proof. In this case we have k = 1 and v 1 = w 1 = V i . ThenP is defined by the module of relations
which corresponds to the dual operad. In particular, if P = LieAdm, then P =P = Comm3 where Comm3 is the quadratic operad defined from the submodule of relations :
Thus, a Comm3-algebra A is 3-commutative if it is associative and satisfies
for every σ ∈ Σ 3 . If A is unitary this implies that A is a commutative algebra. If not, we have that A 2 is contained in the center of A. The associated Lie algebra is two step nilpotent.
P = Lie
If P = Lie thenP = P ! = Com. In fact, in this case, k = 1 and v 1 = w 1 = Id + c 1 + c 2 . As v 1 = w 1 , aP-algebra is associative and the module of relation corresponds to the operad Com.
P = Leib
Let P = Leib be the Leibniz operad. A Leibniz algebra is defined by the relation Thus aL eib-algebra is a Zinbiel algebra (i.e. a Leib ! -algebra) if x(yz) = (xy)z = 0 (every product of 3 elements of the associative algebra is zero). These algebras are nilalgebras A satisfying A 3 = 0. For example, any associative commutative algebra is aL eib-algebra. EveryL eib-algebra with unit is commutative. In dimension 3 the algebra defined by e 1 e 1 = e 2 , e 1 e 3 = e 3 e 3 = e 2 is a noncommutativeL eib-algebra.
Determination ofP in the Lie-admissible case
In the following table we describe the multiplications of the algebras corresponding to the operads P, P ! ,P and this for the operads described in [3] , Theorem 3. Recall that these algebras are Lie-admissible K [Σ 3 ]-associatives algebras. We denote by A(x, y, z) the associator : A(x, y, z) = (x · y) · z − x · (y · z).
The computation ofP depends on the values of the parameters α et β. 0) then P = G 2 − Ass and
If (α, β) = (0, 3) then P = G 4 − Ass and
If (α, β) = (0, 0), then P = G 3 − Ass and
   P = Ass : A(x, y, z) = 0. P ! = Ass P = Ass Proposition 9 Let P be an operad corresponding to a K[Σ 3 ]-associative Lie-admissible algebra type. ThenP = P ! if and only if P is the operad G i − Ass for some i.
We can also find the operads such thatP = P ! in the case of a quadratic operad generated by a commutative operation (i.e E = 1 1) or an anticommutative one (i.e E = Sgn 2 )
Proposition 10 Let P = P(K, E, R) be a quadratic operad generated by an operation with a symmetry (i.e. E = Sgn 2 or E = 1 1). ThenP = P ! if and only if E = Sgn 2 and P = Com or P = Γ(Sgn 2 ), the free operad generated by the signum representation.
P = Poiss
A Poisson algebra over K is a K-vector space equipped with two bilinear products: 1) a Lie algebra multiplication, denoted by {, }, called the Poisson bracket, 2) an associative commutative multiplication, denoted by •. These two operations satisfy the Leibniz condition:
for all X, Y, Z. In [7] , one proves that a Poisson algebra can be defined by only one nonassociative product, denoted by X · Y , satisfying the following identity ThenPoiss is generated by
andPoiss = Comm3.
Remark.
In this work, we have considered only the classical product on the tensor product of algebras. It is possible to do the same work considering generalized or twisted tensor product. In these case we can probably define also an associated operad.
Let us consider two Poisson algebras (A, µ A ) and (B, µ B ) two Poisson algebras defined by the nonassociative multiplication (5) . Let τ be the twist map:
τ (x ⊗ y) = y ⊗ x.
If we consider on A ⊗ B the following product
is a Poisson algebra.
